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Half-metallicity of graphene nanoribbons and related systems:
a new quantum mechanical El Dorado for nanotechnologies …
or a hype for materials scientists?
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Abstract In this work we discuss in some computational and
analytical details the issue of half-metallicity in zig-zag gra-
phene nanoribbons and nanoislands of finite width, i.e. the
coexistence of metallic nature for electrons with one spin
orientation and insulating nature for the electrons of opposite
spin, which has been recently predicted from so-called first-
principle calculations employing Density Functional Theory.
It is mathematically demonstrated and computationally veri-
fied that, within the framework of non-relativistic and time-
independent quantum mechanics, like the size-extensive spin-
contamination to which it relates, half-metallicity is nothing
else than a methodological artefact, due to a too approximate
treatment of electron correlation in the electronic ground state.

Keywords Graphene nanoribbons . Edge states .

Anti-ferromagnetism . Symmetry breakings . Symmetry
restoring . Spin contamination . Electron correlation

Introduction

Since their first successful experimental fabrication by
micromechanical exfoliation of graphite [1], graphenes have
been subject of extensive experimental and theoretical re-
search. Long-range π-conjugation in graphene yields

extraordinary thermal, mechanical, and electrical properties.
Some of the most significant properties include ballistic
electron transport and high current density sustainability
[2], quasi-relativistic electron behavior [3, 4], anomalous
integer quantum Hall effect at room temperature [5] and
fractional quantum Hall effect at low temperatures [6, 7].
The current industrial usage of graphenes is still practically
zero, but numerous experimental electronic devices ranging
from solar cells and light-emitting devices to touch screens,
photodetectors and ultrafast lasers [8, 9] already exist, as
well as nanocomposite materials [10].

Unlike the tubular shaped carbon nanotubes, graphene
nanoribbons, which are long and narrow strips cut out of a
two-dimensional graphene sheet, are known from “first
principle” theoretical studies [11–14] employing Density
Functional Theory (DFT) [15–17] to present long and reac-
tive zig-zag edges prone to a localization of frontier elec-
tronic states, which form a twofold degenerate flat band at
the Fermi energy level (Ef), within one third of the first
Brillouin zone (BZ). The existence of localized electronic
edge states has been correspondingly confirmed in monoa-
tomic graphitic step edges using scanning tunnelling mi-
croscopy and spectroscopy [18–20]. A most extraordinary
property of zig-zag graphene nanoribbons (ZGNRs), which
has been theoretically speculated [21] from spin-unrestricted
DFT calculations employing the local spin density approx-
imation (LSDA) [22], but never proven, neither experimen-
tally nor by many-body quantum mechanics, is that of half-
metallicity, i.e. the coexistence of metallic nature for elec-
trons with one spin orientation and insulating nature for the
electrons of opposite spin. This property arises from single-
reference spin-unrestricted DFT calculations because of a
spontaneous spin-polarization of the electronic ground state.
In this depiction, localized electronic states at the two edges
of the ZGNR are characterized by opposite spin orientations
and couple through the graphene backbone via an
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antiferromagnetic arrangement of spins on adjacent atomic
sites. The total spin (S) is therefore identically equal to zero,
which is in agreement with the implications of Lieb’s theo-
rem [23] for compensated bipartite lattices [24–27]. Revers-
ing from condensed matter physics to the terminology
employed in quantum chemistry, ZGNRs are thus consid-
ered to possess a (so-called) “singlet open-shell” electronic
ground state characterized by symmetry-broken spin-
densities, a view that spin-unrestricted DFT calculations
with various exchange-correlation functionals on large
enough but finite polycyclic aromatic hydrocarbons
[28–32] (PAHs) also confirm.

Half-metallicity has been predicted for many related sys-
tems, comprising edge-oxidized, edge-reconstructed or
doped graphene nanoribbons [33–35], zigzag single-walled
carbon or hybrid BN-C nanotubes of finite width [36–38],
and partially open armchair carbon nanotubes [39]. These
predictions systematically find their roots into the results of
(spin-unrestricted) DFT calculations and invariably the same
constatation that spatially separated spin-up and spin-down
Kohn-Sham orbitals are subject to opposite energy shifts
when an external electric field is applied across the nano-
ribbon. Extended ZGNRs are thus considered nowadays to
be highly promising materials with regards to spintronics
(i.e. spin transport electronics [40]), a new technology
where it is not the electric charge but the electron spin that
carries information. By virtue of the resemblance of the
spin-polarization (up or down) with the information zero
or one in regular electronics, monitoring spin transports in
appropriate materials offers opportunities for a new genera-
tion of devices combining microelectronics with spin-
dependent effects due to interactions between the spin of
the career and local magnetic fields. Devices such as spin-
field effect transistors and light emitting diodes, spin reso-
nant tunnelling devices, optical switches operating at tera-
hetz frequency, modulators, encoders, decoders, or quantum
bits for quantum computation and communication are al-
ready envisioned.

According to Hod et al., and their study [32] based on
DFT calculations employing the LSDA functional, the semi-
local gradient corrected functional of Perdew, Burke, and
Ernzerhof [41, 42] (PBE), and the screened exchange hybrid
density functional due to Heyd, Scuseria, and Ernzerhof
(HSE06) [43–45], the smallest hydrocarbon structures
which possess antiferromagnetically ordered frontier edge
states subject to a half-metallic spin-polarization in the
presence of a transversal external electric field are C28H14

(phenanthro[1,10,9,8-opqra]perylene, alias bisanthrene) and
C36H16 (tetrabenzo[bc,ef,kl,no]coronene (Fig. 1a,b). It has
also recently been conjectured [46–53] that n-acenes larger
than pentacene or hexacene (Fig. 1c,d) are “open-shell sin-
glet” (i.e. antiferromagnetic) systems, resulting again quite
logically in the conclusion that these systems become half-

metallic in the macroscopic limit [54], n→∞. At the
UB3LYP/6-31G* level of theory, [n]cyclacenes were simi-
larly found to have a spin-polarized open-shell wave func-
tion in their singlet ground state when n is greater than 5
[55]. In all these calculations upon finite molecular systems,
an electronic (singlet) instability can be diagnosed from the
fact that in unrestricted calculations, the two outermost
singly occupied α and β spin-orbitals deviate from the D2h

symmetry point group imposed by the nuclear frame, due to
a symmetry-breaking in the form of a localization of the two
frontier electrons on the two zig-zag edges.

A main conceptual difficulty at this stage is that symmetry-
breakings of spin-densities in the singlet eigenstates of spin-
free Hamiltonians violate well-established principles and ba-
sic theorems of quantum mechanics (point group theory, spin
quantization). A singlet ground state in (large but finite)
molecules with an even number (2N) of electrons implies in
particular that canonical orbitals have to transform according

Fig. 1 Molecular structures of a phenanthro[1,10,9,8-opqra]perylene,
alias bisanthrene [C28H14]; b tetrabenzo[bc,ef,kl,no]coronene
[C36H16]; c pentacene (n05); and d hexacene (n06).
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to irreducible representations of the molecular symmetry point
group [56, 57] and most strictly forbids any difference in
between α- and β- spin-densities. When S00, whatever the
fundamental band gap and the extent of the multi-reference
character (i.e. bi- or polyradicalism) of the electronic wave
function, each α spin-orbital must possess a β partner with the
same space function, and the spin-density must be identically
zero at every point in space. In the absence of energy degen-
eracies, spin-orbitals in a singlet electronic state are
symmetry-adapted, exactly paired, and the charge density is
totally symmetric under the molecular symmetry point group.
Therefore, when S00, departures of spin-densities from the
symmetry dictated by the Full Hamiltonian and by the nuclear
framework are most clearly artefactual [58], i.e. due to an
incomplete treatment of electron correlation [59, 60]. Even in
the case of physical symmetry breakings, such as, typically,
Jahn-Teller distortions of the molecular structure induced by
energy degeneracies under non-abelian symmetry point
groups [61, 62], only electric charges can localize if the wave
function remains a singlet. If an unrestricted Self-Consistent
Field (SCF) calculation upon a singletwave function enforces
different localizations for orbitals with opposite spin and an
energy lowering into a so-called “singlet open-shell” ground
state, a spin-contamination by (magnetically active) triplet,
quintet… etc. states arises and provides a straightforward
measure of the extent of the symmetry breaking [63]. Spin-
orbit coupling interactions are at first glance intrinsically far
too weak to provide any support to the idea of “spontaneous”
and physical symmetry breakings in carbonaceous materials:
their estimated effect on the band gap of graphene does not
exceed 24 μeV [64]. Note that, in their discussion of the spin-
polarization of edge states of graphene islands of finite (nano-
metric) dimension, Rudberg et al. [29] already grasped that
the half-metallic nature of ZGNRs should probably be an
artefact of the employed DFT approaches.

Whereas Lieb’s theorem demonstrates that the total spin
moment of graphene nanoribbons, graphene nanoislands
and related extended or finite systems must be identically
zero, the expectation value of the S2 operator is an important
issue which has been so far altogether entirely neglected for
these systems. The first purpose of the present contribution
is to investigate the scaling properties with system size of
this most important quantity, assuming that an antiferromag-
netic depiction prevails for the singlet electronic ground
state of model extended ribbons, as in the original Nature’s
article by Son et al. [21]. In this purpose, we shall use the
formalism [65–72] of crystalline orbitals for extended sys-
tems with periodicity in one-dimension (Fig. 2). It will be
shown in particular that, in sharp contrast with the expected
value (0) for the S2 operator in a singlet (S00) ground state,
the spin contamination characterizing any UHF or UDFT
wave function with symmetry-broken spin-densities has to
diverge with the length of the ribbon, which formally

implies a complete loss of control upon spin-related proper-
ties in the macroscopic limit. Considering that symmetry-
breakings of spin-densities can be enforced at will on any
conjugated compound by imposing too strong limitations on
the employed wave function, we will then resort to UHF
calculations with a limited basis set to show that from its
valence electronic structure even a small PAH compound
like anthracene can exhibit features that are reminiscent of
the half-metallicity of large but finite Zig-zag Graphene
NanoIslands (ZGNIs). This conclusion will be tested again
calculations employing larger basis sets, converging to the
Complete Basis Set (CBS) limit, and many-body treatments
of improving quality, in order to prove by analogy with
larger systems and contradiction (reductio ad absurdum)
of all available theoretical and experimental evidences for
this compound that the half-metallicity of ZGNIs, ZGNRs,
n-acenes and related systems will necessarily be quenched
by an accurate enough treatment of electron correlation. The
scaling properties of the spin contamination as a function of
system size will also be investigated for the n-acene series,
on the grounds of UHF and UDFT calculations, the latter in
conjunction with a variety of functionals. We will thereby
verify on computational grounds that half-metallicity in
finite ZGNIs and extended ZGNRs is nothing else but a
measure of the extent of an artefactual symmetry-breaking
of spin-densities in spin-unrestricted one-determinantal (HF
or DFT) calculations.

Crystalline orbital analysis of spin-contamination
in extended periodic chains

Any spin-unrestricted wavefunction (e.g. unrestricted HF,
unrestricted B3LYP, LSDA, …) for a given spin state is
subject to contamination by higher-spin states, resulting in
an expectation value for the S2 operator that exceeds the
exact [Sz (Sz+1)] value, because the contaminants have
larger values of S. In particular, it is well-known that, for
any single-determinantal spin-unrestricted UX wave func-
tion (X0HF, LSDA, B3LYP,…), the S2

� �
expectation value

is of the form [59, 63]:

S2
� �

UX ¼ Sz Sz þ 1ð Þ þ Nb �
XMO

ij¼1

ya
i

��� yb
j

D E2
ð1Þ

From the above equation, it is clear that if the α and β
orbitals are identical in the singlet (S0Sz00) ground state,
there is no spin contamination, and the unrestricted wave
function is identical to the restricted one.

For an hypothetical singlet spin-polarized ground state in
n-acenes or finite graphene nanoislands, the error in spin-
contamination provides therefore a measure of the extent of
the symmetry breaking:
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S2
� �

UX
� S2
� �

exact
¼ Nb �

XNa

i¼1

XNb

j¼1

ya
i j yb

j

D E
yb

j j ya
i

D E
ð2Þ

As usual, we assume an expansion of the spin-
unrestricted molecular orbitals as a linear combination of
K atomic functions fpð~rÞ:

ya
i ð~rÞ ¼

XK
p¼1

Ca
p i fpð~rÞ ð3Þ

yb
j ð~rÞ ¼

XK
q¼1

Cb
qj fqð~rÞ ð4Þ

under the usual orthonormality constraints for space func-
tions relating to the same spin, i.e.

Cay Saa Ca ¼ 1 ð5Þ

Cby Sbb Cb ¼ 1 ð6Þ

where

Saai j ¼ ya
i

��� ya
j

D E
¼ yb

i

��� yb
j

D E
¼ Sbbi j ¼ dij ð7Þ

Suppose:

yb
j ð~rÞ ¼ ya

j ð~rÞ þ djð~rÞ ð8Þ

yb
j ~rð Þ ¼

XK
q¼1

Ca
qj þ Δqj

� �
fq ~rð Þ ð9Þ

Upon taking the orthonormality of orbitals relating to the
same spin function into account, we can decompose the spin
contamination into first- and second-order contributions
with regards to the spin-polarization djð~rÞ:

S2
� �

UX
� S2
� �

exact
¼ Δ1 S2

� �þ Δ2 S2
� � ð10Þ

along with:

Δ1 S2
� � ¼ �

XN
j¼1

ya
j dj
��D E

þ dj y
a
j

���D E� �h i
ð11Þ

Δ2 S2
� � ¼ �

XN
i¼1

XN
j¼1

ya
i

�� dj� �
dj
�� ya

i

� �

¼ �
XN
i¼1

XN
j¼1

ya
i

�� dj� ��� ��2 � 0 ð12Þ

Both contributions to the spin contamination identically
cancel if djð~rÞ ¼ 0 for j01,2, … N, and differ from zero
otherwize. The second-order contribution Δ2 in terms of the
symmetry-breaking is obviously zero or negative. In con-
trast, further analysis demonstrates that the first-order term,
Δ1, is necessarily zero or positive:

Δ1 S2
� � ¼ �2

XN
i¼1

Re ya
i j di

� �� �	 


¼ �2
XN
i¼1

Re ya
i j yb

i

D E
� 1

� �h i
� 0 ð13Þ

because

Re ya
i

��� yb
i

D E� �
� 1 ð14Þ

If the electronic ground state is a singlet, spin-contamination
can only arise through admixture of states of higher spin-
multiplicity (triplet, quintet, …), and the spin contamination
can therefore only be positive or equal to zero. For those
situations where a symmetry-breaking in spin-densities pre-
vails (i.e. when djð~rÞ 6¼ 0), it is then clear that the first- and
second-order contributions to spin-contamination can never
exactly compensate:

Fig. 2 CO-LCAO analysis of
symmetry-breakings in extend-
ed ZGNRs and related systems
with periodicity in one
dimension
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Δ1 S2
� � � �Δ2 S2

� � ð15Þ
In order to adapt Eq. 11 to extended systems with peri-

odicity in one dimension (Fig. 2), we now consider spin-
unrestricted crystalline-orbitals (CO) of the form [65–72]:

ya
nðk;~rÞ ¼ N�1=2

0

XN0

μ¼1

eikμa
XK
p¼1

Ca
pnðkÞ fμp ð~rÞ ð16Þ

yb
nðk;~rÞ ¼ N�1=2

0

XN0

μ¼1

eikμa
XK
p¼1

Cb
pnðkÞ fμp ð~rÞ ð17Þ

where fμp ð~rÞ stands for an atomic function centered on atom
p in cell μ:

fμp ð~rÞ ¼ fpð~r � μa~ez �~RpÞ ð18Þ

In Eqs. 16, 17, N0 represents the number of unit cells of
width a of the extended periodic system, containing each K
atomic functions, and assuming periodicity in one-
dimension along the z-axis, under the usual (Born – Von
Karman) constraint of cyclic boundary conditions [73]. n
and k stand for the band index and wave number (electron
momentum), respectively. In straightforward analogy with
Eq. 8, we correspondingly define crystalline spin-orbital
differences as:

dnðk;~rÞ ¼ yb
nðk;~rÞ � ya

nðk;~rÞ

¼ N�1=2
0

XN0

μ¼1

eikμa
XK
p¼1

ΔpnðkÞ fμp ð~rÞ ð19Þ

ya
nðk;~rÞ, yb

nðk;~rÞand dnðk;~rÞ are obviously periodic func-

tions that can be constructed as linear combinations of
symmetry adapted functions, referred to as Bloch functions
[74], upðk;~rÞ:

ya
nðk;~rÞ ¼

XK
p¼1

Ca
pnðkÞ upðk;~rÞ ð20Þ

yb
nðk;~rÞ ¼

XK
p¼1

Cb
pnðkÞ upðk;~rÞ ð21Þ

dnðk;~rÞ ¼
XK
p¼1

ΔpnðkÞ upðk;~rÞ ð22Þ

together with:

upðk;~rÞ ¼ N�1=2
0

XN0

μ¼1

eikμa fμp ð~rÞ ð23Þ

Bloch functions are obtained from (atomic) functions fpð~rÞ
without any particular symmetry by means of the projection
operator [75]:

Ok ¼ N�1
0

XN0

μ¼1

eikμa ð24Þ

which has most important properties [76]:

Ok O
y
k 0 ¼ dðk; k 0ÞOk ð25Þ

O
y
k ¼ Ok ð26Þ
Bloch functions are therefore necessarily block-diagonal

in k:

ya
nðkÞ

�� ya
n0 ðk 0Þ

� � ¼ yb
nðkÞ

��� yb
n0 ðk 0Þ

D E
¼ dnn0 dðk; k 0Þ

ð27Þ
Another important and well-known consequence of trans-

lation symmetry is periodicity of the electronic structure in the
reciprocal (k) space [77], whose elementary unit cell defines
the first Brillouin zone (BZ), ranging from –π/a to +π/a. For
the sequel, it is essential to remind that if the super-cell
contains N0 unit cells, there can be only N0 possible discrete
values of k in the first Brillouin zone. Each of these values
corresponds to a specific irreducible representation of the
translational symmetry point group, containing K spin-up
and K spin-down Bloch functions characterized by their band
index n01, 2, 3,…, K.

In the macroscopic limit of an infinite system with finite
densities, one most customarily makes use of the equivalence:

lim
N0!1

1

N0

XN0

μ¼1

, a

2p

Zþp=a

�p=a

dk ð28Þ

Expanding the first-order contribution to spin contamina-
tion in terms of crystalline spin-orbitals, and carrying out
lattice summations, we get:

Δ1 S2
� � ¼ �

X
n

XBZ
k

ya
nðkÞ

�� dnðkÞ� �þ dnðkÞ
�� ya

nðkÞ
� �� �	 


¼ �1

N0

X
n

XBZ
k

XN0

μ;μ0¼1

eikðμ
0�μÞa XK

pq¼1

Ca*
pn ðkÞΔqnðkÞ Sμμ0

pq þ Ca
pnðkÞΔ*

qnðkÞ Sμμ
0

pq

*
� �

;

ð29Þ

together with

Sμμ
0

pq ¼ fμp

��� fμ0
q

D E
ð30Þ
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Considering that

Sμμ
0

pq ¼ S0μµpq ; μµ ¼ μ0 � μ ; ð31Þ
and

PN0
μ;μ0¼1

, N0

PN0
μµ¼1

;

ð32Þ

it follows that, by exploiting translation symmetry, Eq. 29
reduces to:

Δ1 S2
� � ¼ �

X
n

XBZ
k

Γ nðkÞ; ð33Þ
together with:

Γ n kð Þ ¼
XN0

μµ¼1

eikμµ a
XK
pq¼1

Ca*
pn kð ÞΔqn kð ÞS0μµpq þ Ca

pn kð ÞΔ*
qn kð ÞS0μµ*pq

� �

ð34Þ
Γ nðkÞ obviously remains a finite bounded function in the

macroscopic limit N0→∞, since successive terms in the
lattice summation decay exponentially with μ” [78–82], as

the overlap between the atomic functions f0p r!� � ¼ fp

r!� R
!

p

� �
and fuµq r!� � ¼ fp r!� μµa e!z � R

!
q

� �
. Since

there are only N0 possible discrete values of k in the first BZ,
it is clear therefore that, in the macroscopic limit, the first-
order contribution to spin-contamination has to scale pro-
portionally to the number of unit cells in the periodic sys-
tem. Indeed, because of the equivalence (28), Eq. 33 yields:

lim
N0!1

Δ1 S2
� � ¼ �Nþ1

0

a

2p

Zþp=a

�p=a

X
n

Γ nðkÞ
 !

dk ð35Þ

We now consider an adaptation to crystalline orbitals for
extended periodic chains of the second-order contribution to
spin-contamination, and find, similarly:

Δ2 S2
� � ¼ �

X
n;n0

XBZ
k;k 0

ya
nðkÞ

�� dn0 ðk 0Þ� �
dn0 ðk 0Þ

�� ya
nðkÞ

� �

¼ �
X
n;n0

XBZ
k

ya
nðkÞ

�� dn0 ðkÞ� �
dn0 ðkÞ

�� ya
nðkÞ

� �

¼ �1

N0
2

X
n;n0

XBZ
k

XN0

μ1;μ2¼1

XN0

μ3;μ4¼1

eikðμ2þμ4�μ1�μ3Þa

�
XK

pqrs¼1

Ca*
pn ðkÞΔqn0 ðkÞΔ*

rn0 ðkÞCa
snðkÞ Sμ1μ2

p q Sμ3 μ4
r s

ð36Þ
Again, because of the periodicity of the lattice, we can

exploit the following relationships:

Sμ1μ2
p q ¼ S0μ

0
pq

Sμ3μ4
r s ¼ Sμµ0r s ¼ S0μµ*s r

ð37Þ

where μ0 ¼ μ2 � μ1 and μµ ¼ μ3 � μ4 along with the
equivalences

XN0

μ1;μ2¼1

, N0

XN0

μ0¼1XN0

μ3;μ4¼1

, N0

XN0

μµ¼1

ð38Þ

This enables us to rewrite the second-order contribution
to spin-contamination as follows:

Δ2 S2
� � ¼ �

X
n;n0

XBZ
k

XN0

μ0;μµ¼1

eik μ0�μµð Þa XK
pqrs¼1

Ca�
pn kð ÞΔqn0 kð ÞΔ*

rn0 kð ÞCa
sn kð ÞS0μ0

pq S
0μµ*
s r

� �

¼ �
X
n;n0

XBZ
k

XN0

μ0μµ¼1

eik μ0�μµð Þa XK
pqrs¼1

Ca*
pn kð ÞΔqn0

kð ÞS0μ0
pq C

a
rn kð ÞΔ*

sn0 kð ÞS0μµ*r s

ð39Þ

Again, each term in the lattice summations over μ’ and

μ” decays exponentially as the charge distributions g0*p ð~r0Þ
gμ

0
q ð~r0Þ and g0*r ð~r0Þ gμµs ð~r0Þ; and these summations therefore

both have to converge to a finite value in the macroscopic
limit N0 ! 1. We thus define:

ln;n0 ðkÞ ¼
XN0

μ0¼1

eikμ
0a
XK
pq¼1

Ca*
pn ðkÞΔqn0 ðkÞ S0μ0

pq ð40Þ

and find therefore that, in the macroscopic limit, the second-
order contribution to spin-contamination has also to scale
proportionally to system size:

lim
N0!1

Δ2 S2
� � ¼ �Nþ1

0

a

2p

Zþp=a

�p=a

X
n;n0

ln;n0 ðkÞ
�� ��2 !

dk ð42Þ

Since the first-order and second-order contribution cannot
exactly compensate (except if they both identically vanish, i.e.
in the absence of spin-symmetry breakings), a most important
result of this analysis is that, for any unrestricted single-
determinantal treatment (UHF, LSDA, UB3LYP, … ) which
results into a net transversal spin-polarization, the spin-
contamination of the electronic ground state of n-acenes and
extended graphene nanoribbons of finite width and periodicity
into one dimension has to scale proportionally to the length of
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and correspondingly:

l*n;n0 kð Þ ¼
XN0

μµ¼1

e�ikμµa
XK
rs¼1

Ca
rn kð ÞΔ*

sn0 kð Þ Soμµr s

� �*
ð41Þ



the ribbon (N0), and to diverge therefore to a positive infinite
value in the macroscopic limit (N0→∞). This conclusion is
obviously in most striking contradiction with the implications
of Lieb’s theorem for compensated bipartite lattices and with
the normal expectation for a singlet electronic ground state (S0
0, and thus, S2

� � ¼ 0).

lim
N0!1

S2
� �

UX
� S2
� �

exact

¼ �Nþ1
0

a

2p

Zþp=a

�p=a

X
n

Γ nðkÞ þ
X
n0

ln;n0 ðkÞ
�� ��2" #

dk

¼ þK Nþ1
0

ð43Þ

In the above equation, the constant K is a finite scaling
factor which depends on the characteristics of the model
nanoribbon and employed exchange-correlation functionals
and basis sets. This constant is identically 0 in the absence of
symmetry-breaking in spin-densities (i.e. when dnðk;~rÞ ¼ 0
8n ¼ 1; 2; :::K; 8k 2 BZ).

Methodology and computational details

All calculations on n-acenes that are presented in this work
have been carried out using the GAUSSIAN09 package of
programs [83], on field-free geometries that were all opti-
mized according to restricted DFT calculations employing
the Becke-3-parameters-Lee-Yang Parr functional (B3LYP
[84, 85]) along with Dunning’s correlation consistent polar-
ized valence basis set of triple zeta quality (cc-pVTZ), under
the constraint of the topologically required D2h symmetry
point group [86–88]. We then apply the UHF approach upon
these geometries, in order to enforce a symmetry-breaking of
spin-densities (i.e. a spin-polarization of edge states) at the
onset of the n-acene series (benzene, naphthalene, …) and in
the absence of any external perturbation, and verify the scaling
properties of the spin contamination. Comparison is made
with spin-unrestricted DFT calculations employing a variety
of functionals, comprising the gradient corrected Becke-Lee-
Yang-Parr (BLYP) functional, the hybrid Becke-3-
parameters-Lee-Yang-Parr (B3LYP) [84, 85] functional, and
the Modified 1-parameter Perdew-Wang functional for kinetic
(MPW1K [89, 90], as well as the double hybrid dispersion
corrected B2PLYPD [91] functional. The MPW1K functional
is a modification of the MPW1PW91 (modified Perdew-
Wang 1991 Perdew Wang) functional [92] with an increase
fraction of HF versus DFT exchange (0.428:0.572 instead of
0.25:0.75). This functional has been specifically designed for
handling situations where HF exchange dominates because of
enhanced electron delocalization, as for instance in transition
states on chemical reaction patways.

We then illustrate with anthracene the consequences of
symmetry-breakings in spin-densities at the UHF level
when an external electric field is progressively switched
on, using the Finite Field approach [93–101] and using basis
sets of improving quality (STO-3G [63], 6-31G [63], 6-
31G** [63], cc-pVXZ (X0T, Q, 5, ∞) [102]). Results
obtained using Dunning’s correlation consistent polarized
valence basis sets [cc-pVXZ] are extrapolated to the limit of
an asymptotically complete basis set [X0∞] using Feller’s
formula [103, 104]. We then evaluate for this compound the
influence of the external field on symmetry-broken (i.e.
unrestricted) and symmetry-restricted spin-densities at vary-
ing orders in electron correlation, according to single-point
calculations employing the same reference (RB3LYP/cc-
pVTZ) geometry and STO-3G basis set, at the level of
Møller-Plesset theory [105] truncated at second-order
(MP2) [106, 107], third-order (MP3) [106], and fourth order
with Single, Double and Quadruple excitations (MP4SDQ)
[108], as well as Coupled Cluster Theory along with Single,
Double or Single, Double and perturbative Triple excita-
tions, shortly CCSD or CCSD(T) [109–112].

At this stage, it is useful to remind that anthracene has a
relatively large band gap and sizeable electronic excitation
energies. The vertical singlet-triplet energy gap of anthra-
cene amounts for instance to 56.9 kcal mol-1 (2.46 eV)
[113]. There is therefore a consensus on the fact that anthra-
cene is a closed-shell non-magnetic (more specifically para-
magnetic) system that can be very reliably described by
single-reference approaches (see e.g. Ref. 16b). No symme-
try constraint was enforced when the external electric field
was applied perpendicularly to the zig-zag edges of the n-
acenes and selected ZGNRs, i.e. along the y-axis (Fig. 2) in
the standard orientation defined according to the usual con-
ventions [114] for a molecule exhibiting a D2h point group.

Results and discussion

Size-dependence of spin contamination and of half-metallic
spin-orbital energy-splits in model n-acenes

As was to be expected from the CO-LCAO analysis of the
preceding section, we find (Fig. 3) from our calculations on
model n-acenes (n01-11) that, with all selected functionals
(including the HF approach), S2

� �
becomes linearly depen-

dent upon the number of unit cells (n) in the system, when
this number becomes large enough. At the UHF/6-31G
level, the onset of the symmetry breaking in spin-densities
lies at the origin of the n-acenes series (benzene, naphtha-
lene), and the scaling in size of the spin contamination is
therefore perfectly linear. The onset of the symmetry-
breaking lies at the level of naphthacene (n04), hexacene
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(n06) and octacene (n08) with the MPW1K, B3LYP
and BLYP functionals, respectively. A singlet instability
and spin-polarization into a “singlet open-shell” wave
function is also observed when n≥4 with the SCF wave
function employed in the B2PLYPD model. Note that,
for all systems, at the B2PLYPD/6-31G level, the
energy-order reverses in favor of the singlet closed-
shell electronic ground state when the second-order
(MP2-like) correlation energy is added to the obtained
SCF (HF-like) energy. These numerical fits and obser-
vations confirm that, whenever a non-vanishing
symmetry-breaking in spin-densities is detected in each
unit cell, S2

� �
has to diverge proportionally to system

size in the macroscopic limit. Therefore, unless one
wants to call Lieb’s theorem into question and its
implications for compensated bipartite lattices, we can
already conclude that, when assuming a singlet electron-
ic ground state, an antiferromagnetic ordering and, thus,
a half-metallic spin-polarization of edge states in per-
fectly regular ZGNRs and related systems are mathe-
matically ruled out in the framework of non-relativistic
time-independent many-body quantum mechanics, and
in the absence of complications such as magnetic per-
turbations, in particular spin-orbit interactions. In other
words, the main conclusions of the Nature’s paper by
Louie, Cohen and Son [21] and of many related papers
[33–39] appear to be nothing else that the outcome of a
most common methodological artefact, which is quite

well understood in a quantum chemical framework, but
has been most commonly ignored within the framework
of solid state physics and band structure calculations.

In Fig. 4, we display at the UHF/6-31G and UHF/6-
31G** levels the split in energy of spin-up (α) and
spin-down (β) frontier orbitals (HOMO, LUMO) in
function of the strength of the applied transversal elec-
tric field and number of monomer units in the n-acene
ribbon. For all systems, this split slightly decreases
upon improving the basis set. Whatever the basis set,
it is directly proportional to the external field, and
grows monotonically (logarithmically) with n. This
growth is directly imputable to the decreasing HOMO-
LUMO band gap with increasing system size, which
results into an enhancement of the propensity of the
electronic wave function to undergo a symmetry-
breaking in the underlying spin-densities. Indeed, in
symmetry breaking situations, because of the non-
analytic (i.e. iterative) nature of solutions obtained with
any self-consistent field (HF, DFT, mean field Hubbard
or even CASSCF) procedure, the equation that governs
the convergence of expansion coefficients is of the form
[115, 116]:

"μ � "n
� �

CðqÞ
μn þ

XN
k¼1

X
n

μnh j nkj i þ μkh j nnj i½ �CðqÞ
nk ¼ DðqÞ

μn

ð44Þ

where abh j ijj i and "a stand for anti-symmetrized bielec-
tron integrals and orbital energies, respectively. In the
above equation, q denotes the order of the change in the
orbitals and in the associated energies, according to a
one-electron perturbation expansion with respect to an
infinitesimally small geometrical variation. For small

nuclear displacements, the first-order driving term Dð1Þ
μn

relates to minus the gradient of the electron-nuclei at-
traction potential in the direction of the symmetry-
breaking transformation. Since Hamiltonian operators

are necessarily Hermitian,CðqÞ
μn is equal to (-CðqÞ

nn ) in
any SCF (HF, DFT, or even CASSCF) procedure, and
only occupied – non occupied elements of the C(q)

matrix effectively contribute to the SCF energy [116].
Therefore, because of the energy-dependence of the first
term on the left hand side of Eq. 44, it is clear that the
convergence of orbital expansion coefficients in SCF
calculations becomes particularly problematic in the
event of near energy degeneracies between occupied
and unoccupied levels. If the band gap vanishes, tiny
distortions in orbital symmetries resulting for instance

Fig. 3 Evolution of the spin-contamination as a function of the length
of the ribbon (n) in the n-acenes [2×n] series (results obtained using
various exchange-correlation functionals along with the 6-31G basis,
upon RB3LYP/cc-pVTZ geometries)
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from any infinitesimally small nuclear displacements or
numerical errors may amplify during the SCF iterations
and can ultimately result into an asymptotically diverg-
ing energy lowering. A full divergence will be nonethe-
less avoided in the macroscopic limit, because any
symmetry breaking in spin-densities precisely results
into an opening of the fundamental band gap, prevent-
ing therefore real degeneracies to occur.

Anthracene: an antiferromagnetic and half-metallic
graphene nanoisland?

In straightforward analogy with the work by Hod et al. on
bisanthrene [32], we compare in Fig. 5 RHF/STO-3G and
UHF/STO-3G levels contour plots of the frontier spin-
orbitals of anthracene as a function of the external field.
The evolution with the field of valence spin-orbital energies
is correspondingly given at the UHF/STO-3G level in
Fig. 6. With both figures, the resemblence with the results

obtained in ref. 32 for bisanthrene using a variety of
exchange-correlation functionals and basis sets is most strik-
ing. In the absence of an external field, symmetry-broken α
and β UHF spin-orbitals (Fig. 5) have identical energies
(Fig. 6). Due to the different space localization and polari-
zation by the external electric field of unrestricted α and β
spin-densities (Fig. 5), energy degeneracies between spin
band systems are released when applying an external field
in the plane and across the longitudinal axis of the molecule
(Fig. 6). Energy splittings due to the symmetry breaking are
most striking for the π-levels, and barely noticeable for
the σ-levels. At low electric fields (F<0.025 a.u [1 a.u. 0 Eh e

-

1 a0
-105.142 1011 V m-1]) , we observe an increase of the

fundamental (HOMO-LUMO) gap in one spin (say α) band
system, and conversely a decrease of the HOMO-LUMO gap
in the opposite (β) spin-band system (Fig. 7a). Pursuing
towards larger values of the field, we observe overall a desta-
bilization of the occupied π and σ levels, and conversely a
stabilization of the unoccupied π and σ levels of anthracene
(Fig. 6). Also, both at the UHF/6-31G and UHF/6-31G**
levels, fields comprised between ∼0.08 and ∼0.1 a.u. prevent
any symmetry-breaking in spin-densities, resulting in a S2

� �
value equal to zero (Fig. 7b). Energy degeneracies between
the α and β spin band systems correspondingly disappear
(Fig. 8).

As a continuous decrease of S2
� �

in function of the field
demonstrates (Fig. 7b), the external field tends to attenuate
the symmetry-breaking in spin-densities and the energy
splits of spin-up and spin-down orbitals, until reaching
values comprised between ∼0.075 and ∼0.1 a.u. . At these
latter values, at the UHF/6-31G and UHF/6-31G** levels, a
restricted closed-shell depiction prevails since S2

� �
0 0. The

strongest differences in orbital topologies and spreads are
quite naturally therefore observed at zero field (Fig. 5).
Further examination of the S2

� �
values and of the UHF/6-

31G** spin-orbital energies displayed in Figs. 7b and 8 dem-
onstrates that improving the basis set helps to reduce the
extent of the symmetry-breaking in the spin-densities of
anthracene at low external fields (F<0.075 a.u.). Note cor-
respondingly that at zero field, spin-polarizations and ener-
gy lowering into a singlet open-shell electronic wave
function occur at the UHF level, irrespective of the
employed basis set: see in Fig. 9 the evolution of the
difference between the RHF and UHF energies obtained in
conjunction with basis sets of increasing size, among which
Dunning’s correlation consistent polarized valence basis sets
of triple-, quadruple- and pentuple-zeta quality, along with
the corresponding estimate in the limit of an asymptotically
complete (cc-pV∞Z) basis set, according to an extrapolation
employing Feller’s formula. From this latter figure, it is
clear that a symmetry-breaking of spin-densities remains in
this limit, in the absence of an external electric field, and is

Fig. 4 Evolution of the energy split of frontier orbitals due the
symmetry-breaking of spin-densities in function of the applied external
electric field. Full and dashed lines refer to results obtained using the 6-
31G** and 6-31G basis sets, respectively
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thus before all the outcome of a too approximate treatment
of electron correlation.

Note that the largest values we consider for the electric
field are exceedingly strong and may in practice exceed the
dielectric strength of anthracene, leading to a cascade of
electrons and a field ionization, if not a destruction of the
molecule. This does not occur in our simulations, because of
the limitations in the employed basis set. Field ionization is
more likely to occur when applying a transversal electric
field onto extended graphene nanoribbons, due to the van-
ishing band gap and extreme polarizabilities of these sys-
tems in the macroscopic limit.

Symmetry-breakings and symmetry-restorings

In view of singlet-triplet energy gaps of the order of
56.9 kcal mol-1 (2.47 eV) [112] and 25.0 kcal mol-1

(1.08 eV) [117] for anthracene and bisanthrene, respectively,

it is clear that for these two compounds any symmetry-
breakings of spin-densities and stabilization of the electronic
wave function into a singlet open-shell state must be regarded
as artefactual. Such energy differences are far too large to be
superseded by thermal fuctuations (kT00.6 kcal mol-1 at
298 K) or magnetic perturbations due for instance to C-13
nuclei, in the Mhz range [118, 119]. If we reason by contra-
diction (reductio ad absurdum), it makes sense to state that, at
the UHF level, anthracene is one of the smallest possible
examples of an anti-ferromagnetic (i.e. singlet open-shell)
zig-zag graphene nanoisland exhibiting edge states subject
to half-metallic spin-polarizations by an external field. The
fact that anthracene is notoriously known as a single reference
closed-shell and paramagnetic system most obviously dem-
onstrates the inconvenience of such a statement. Proceeding
further by contradiction of well-established experimental evi-
dences, it is also worth mentionning that a spin-polarization of
the singlet electronic ground state can be enforced at will for

Fig. 5 Evolution of the frontier spin-orbitals (HOMO, LUMO) of anthracene in function of the applied external electric field (in a.u.) at the RHF/
STO-3G and UHF/STO-3G levels (results obtained using the same field free RB3LYP/cc-pVTZ reference geometry)
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any conjugated molecule by resorting to a too inaccurate
treatment of electron correlation with single-determinantal
approaches. For instance, at the UHF/6-31G level, spin-
polarization of the singlet closed-shell (spin-restricted) ground
state of 1,3-butadiene, benzene and biphenyl into a singlet
open-shell (spin-unrestricted) states yields spurious energy
lowerings by 3.34, 2.36 and 7.30 kcal mol-1, at the expense
of a spin-contamination equal to 0.4781, 0.4947 and 1.1561,
respectively (results obtained using RB3LYP/cc-pVTZ
geometries).

For a singlet electronic ground state, whatever the band
gap and extent of the polyradicaloid (i.e. multireference)
character of the wave function, symmetry breakings in
spin-densities are necessarily the outcome of too approxi-
mate treatment of electronic correlation. To illustrate this
point further, we display in Table 1 the evolution in function
of the field of the energy differences between the spin-
unpolarized singlet closed-shell and symmetry-broken “sin-
glet open-shell” states of anthracene, at improving levels in
the treatment of (dynamic) electron correlation by means of
many-body quantum mechanics, within the framework of
single-reference (i.e. single-determinantal) approaches.
These comprise Hartree-Fock (HF) theory, Møller-Plesset

perturbation theory [105] truncated at second-order, third-
order and partial fourth-order (MP2 [106, 120], MP3 [106,
121], MP4SQD [106]), Coupled Cluster theory [110, 122,
123] with single and double excitations (CCSD), and CCSD
theory supplemented by perturbative triple excitations
(CCSD(T)). We note that since these methodological levels
slowly converge to a full-CI depiction representing the exact
solution of the electronic Schrödingter equation in the se-
lected basis set, they also somehow indirectly recover the
static correlation which is traditionally ascribed to near-
energy degeneracies, i.e. multi-reference effects. Whatever
the basis set, Fermi correlation at the UHF level most
systematically overemphasizes the biradical character of
the wave function, resulting in a “singlet open-shell” state
which is located several tenths kcal mol-1 below the proper
singlet closed-shell state. Also, whatever the employed basis
set and applied external field, the energy order always
reverses in favour of the restricted wave functions with

Fig. 6 Evolution of the UHF/STO-3G energies of valence and unoc-
cupied molecular spin-orbitals of anthracene. Symmetry labels for π-
orbitals are consistent with the effective C2v point when symmetry is
reduced by the external field (results obtained using the same field free
RB3LYP/cc-pVTZ reference geometry)

Fig. 7 Evolution of a the fundamental energy gaps in the α- and β-
spin-band systems and b the UHF expectation value of the S2 operator
(UHF results obtained for anthracene, using the field free RB3LYP/cc-
pVTZ reference geometry)
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spin-unpolarized orbitals when including dynamic electron
correlation at the UMP2 and higher levels. This observation
numerically illustrates the statement that symmetry-
breakings and half-metallic spin-polarizations in spin-
unrestricted calculations upon singlet states are necessarily
the outcome of a too approximate treatment of symmetry-
restoring electron correlation.

Similar considerations prevail within the framework of
Density Functional Theory. For instance, within the frame-
work of the UB2PLYPD model, if a singlet instability and
intrinsic propensity for a spin-polarization of edge states can
be diagnozed for the SCF wave function of n-acenes larger
than anthracene (Table 2), the final energy order always
reverse in favour of the closed-shell non-magnetic (spin-
unpolarized) solution when non-local dynamic electron cor-
relation is added to the hybrid functional by means of
second-order perturbation theory. If double hybrid function-
als were originally designed [124] for enabling more quan-
titative insights into heats of formation and reactions
energies than standard hybrid functionals by a treatment of
long-range dynamic correlation involving unoccupied orbi-
tals, a quite unexpected advantage of these functionals is
that they also most clearly increase the resilience of Density
Functional Theory against artefactual symmetry breakings.
Since both the SCF and second-order corrections to the (U-
R) energy difference become proportional to the length of
the ribbon when n becomes large enough, it is clear that, in
the macroscopic limit (n→∞), the most stable wave func-
tion will correspond to a closed-shell depiction at the
B2PLYPD/6-31G level.

Conclusions and outlook for the future

The greatest care is advocated with the currently prevailing
view that zig-zag graphene nanoribbons and nanoislands of
large enough dimensions exhibit antiferromagnetically or-
dered edge states subject to a half-metallic spin-polarization,
when an external electric field is applied perpendicularly to
the edges. Indeed, it has been demonstrated and computation-
ally verified for various exchange-correlation functionals that
any antiferromagnetic and half-metallic spin-polarization of
edge states in model graphene nanoribbons (n-acenes) implies
a spin contamination S2

� �
that increases proportionally to the

length of the ribbon, and diverges to an infinite value in the
macroscopic limit. This conclusion is rather worrying, con-
sidering that symmetry-broken UDFT approaches are often
used to simulate static correlation in extended periodic sys-
tems, which cannot be handled with multi-configurational
theories. Indeed, a diverging S2

� �
value implies obviously a

complete loss of control upon spin- and related electric or
magnetic properties in the macroscopic limit of an extended
zig-zag graphene nanoribbon (ZGNR).

Fig. 8 Evolution of the UHF/6-31G** energies of the molecular spin-
orbitals of anthracene as a function of the applied electric field. Sym-
metry labels for π-orbitals are consistent with the effective C2v point
group when symmetry is reduced by the external field (results obtained
using the same field free RB3LYP/cc-pVTZ reference geometry)

Fig. 9 Evolution of the energy difference (in kcal mol-1) between the
RHF and UHF wave functions of anthracene upon using basis sets of
increasing size and converging to the limit of an asymptotically com-
plete basis set. The red and blue axes correspond to results displayed in
red and blue, respectively
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The proof is general and valid for any approximate spin-
unrestricted one-determinantal (i.e. HF or DFT) treatment of

electron correlation. It employs the formalism of crystalline
orbitals for extended systems with periodicity in one dimen-
sion, and has the mathematical robustness of a theorem that
may be regarded as the counterpart for the S2 operator of
Lieb’s theorem for the total spin momentum, S. Since gra-
phene nanoribbons and nanoislands have compensated bi-
partite lattices, S must be identically zero. In the absence of
a spin-dependent potential or perturbation, i.e. in a non-
relativistic quantum mechanical framework, the singlet na-
ture of the electronic ground state therefore most clearly
rules out any symmetry-breaking, even an infinitesimal
one, of spin-densities in an extended zig graphene nano-
ribbon. Whatever the size of the system, in field-free non
relativistic quantum mechanics, symmetry-breakings of
spin-densities are necessarily the outcome of a too approx-
imate treatment of electron correlation. A most inconvenient
finding in support to this statement is that, at the UHF level,
any conjugated compound (including benzene, naphthalene,
anthracene, 1,3-butadiene, biphenyl,…) is subject to singlet
instabilities and artefactual stabilizations of the electronic
ground state wave function into a symmetry-broken singlet

Table 1 Evolution of the energy
differences of anthracene be-
tween “closed shell” RHF/STO-
3G and “open-shell” UHF/STO-
3G solution as a function of the
external electric field. Energy
differences are in kcal mol-1 and
electric fields in a.u.
(1 a.u.05.142 1011 V m-1)

Level HF MP2 MP3 MP4SDQ CCSD CCSD(T)
Electric field ΔE(U-R) ΔE(U-R) ΔE(U-R) ΔE(U-R) ΔE(U-R) ΔE(U-R)

0.00 -51.43 74.42 68.66 56.22 15.76 15.02

0.01 -50.78 74.35 68.51 56.07 15.63 14.91

0.02 -48.83 74.15 68.03 55.61 15.26 14.57

0.03 -45.58 73.77 67.22 54.82 14.63 13.97

0.04 -41.06 73.12 66.01 53.65 13.73 13.09

0.05 -35.29 72.05 64.31 52.02 12.56 11.88

0.06 -28.39 70.25 61.91 49.74 11.10 10.30

0.07 -20.53 67.11 58.30 46.41 9.31 8.32

0.08 -12.10 61.17 52.25 41.03 7.19 6.03

0.09 -3.98 47.96 39.83 30.49 4.59 3.58

0.10 -0.23 10.21 8.28 5.92 0.71 0.40

0.11 -0.04 3.65 2.92 1.85 0.14 0.07

0.12 -0.53 11.93 9.94 6.57 0.42 0.16

0.13 -1.30 17.53 14.94 10.26 0.59 0.22

0.14 -2.06 21.04 18.20 12.92 0.71 0.27

0.15 -2.67 23.09 20.15 14.73 0.78 0.31

0.16 -3.06 24.03 21.06 15.82 0.83 0.36

0.17 -3.22 24.10 21.13 16.26 0.86 0.41

0.18 -3.23 24.03 20.82 16.24 0.83 0.48

0.19 -3.44 25.05 21.50 17.08 0.98 0.65

0.20 -3.44 26.01 22.12 17.79 1.13 0.81

0.21 -3.26 26.93 22.69 18.36 1.24 0.96

0.22 -2.94 27.62 23.08 18.69 1.32 1.07

0.23 -2.55 27.77 23.03 18.57 1.33 1.14

0.24 0.00 0.00 0.00 0.00 0.00 0.00

0.25 0.00 0.00 0.00 0.00 0.00 0.00

Table 2 The energy differences in-between UB2PLYPD/6-31G results
and RB2PLYPD/6-31G results obtained upon RB3LYP/cc-pVTZ
geometry. All results are displayed in kcal mol-1

n-acenes Δ(U-R)

Δ(SCF) ΔE2 Δ(B2PLYPD)

benzene (n01) 0.00 0.00 0.00

naphthalene (n02) 0.00 0.00 0.00

anthracene (n03) 0.00 0.00 0.00

tetracene (n04) -1.40 9.02 7.62

pentacene (n05) -5.22 16.97 11.75

hexacene (n06) -10.29 23.90 13.62

heptacene (n07) -15.85 30.43 14.57

octacene (n08) -21.88 37.04 15.17

nonacene (n09) -28.10 43.73 15.63

decacene (n010) -34.44 50.49 16.05

undecacene (n011) -40.65 57.21 16.56

J Mol Model (2013) 19:2699–2714 2711



open-shell state. Symmetry-breakings in spin-densities and
spin contamination in spin-unrestricted calculations can also
occur in systems with no symmetry point group, but are in
this case more difficult to detect. In any case, the most basic
principles of symmetry point group theory should never be
violated for singlet states, even in the context of Density
Functional Theory [125].

The probability to observe symmetry breakings varies
inversely to the band gap between occupied (valence) and
unoccupied (conduction) one-electron states, because of the
non-analytic (i.e. iterative) nature of solutions obtained with
any self-consistent field (HF, DFT, mean field Hubbard or
even CASSCF) procedure. For extended ZGNRs with a
vanishingly small band gap, one may argue [21] that, be-
cause of the extreme electronic polarizabilities of these
systems, sizeable physical symmetry breakings in spin-
densities can be induced by marginally small spin-
dependent perturbations, typically spin-orbit coupling inter-
actions, of the order of 24 μeV [64]. However, GW band
structure calculations on ZGNRs with a width ranging from
0.4 to 2.4 nm indicate band gaps in the range of 0.5-3.0 eV
[126], whereas recent quantum chemical calculations on
model nanoribbons employing second-order perturbation
theory demonstrate that the extent of spin-orbit coupling
interactions decreases with increasing system size [127]. In
the current state of knowledge, the chances to observe anti-
ferromagnetism and half-metallicity in pristine graphene
systems seem therefore all in all quite limited.

If half-metallicity is ever demonstrated experimentally
for extended zig-zag graphene nanoribbons, on must note
that, at this stage, there exist no consistent and accurate
enough treatments of physical symmetry breakings of
spin-densities due to spin-orbit coupling interactions in
these systems. Such treatments would require a character-
ization of spin-flip and spin disentanglement processes with-
in an accuracy of a few tenths μeV, which at present clearly
goes much beyond all thinkable possibilities in terms of
computational facilities and available softwares. We note
that, to our knowledge, no direct experimental proof of edge
magnetism in pristine graphene has ever been reported so
far. Besides, magnestim in graphene is most commonly
ascribed to structural defects or impurities [128].

To summarize, we believe that our analysis using crys-
talline orbitals and our model calculations are altogether
robust (and provocative) enough for calling into question
the idea that graphene nanoislands and nanoribbons of finite
width (including n-acenes) are anti-ferromagnetic and half-
metallic systems, in the absence of complications such as
thermally induced spin-flip processes, structural defects (va-
cancies, adatoms), or magnetic perturbations, since these
views imply sharp contradictions with the implications of
Lieb’s theorem for compensated bipartite lattices, but also
with most basic principles and general theorems of (non-

relativistic) quantum mechanics (antisymmetry principle,
group theory, spin quantization). Indeed, at the confines of
non-relativistic quantum mechanics, whatever the dimen-
sions of the system of interest, an exact treatment of electron
correlation must necessarily repair symmetry breakings into
singlet open-shell states, i.e. restore the correct symmetries
in spin-up and spin-down densities.
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